Hertz problem on compression of anisotroplic bodies 1027

From (1, 6) we derive formulas for the radius of the contact circle a and the approach
of the bodies § ,
a =13 Bn)*RPmI"s, 8§ = [3 (8n) TPRYim|%s (2.19)

According to (1, 4), the elastic displacements of points of the bodies on the contact sec-
tion are determined by the formulas

w; =m%my (6 — p?/ 2R), p? =a* + ¢ (2,20)

The relationships (2,19), (2, 20) differ from the corresponding Hertz formulas for an iso-
tropic medium just by the value of the constants 72y, m;° ,
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The problem of compression of an elastic plane with a slit of variable width
commensurate to the elastic strains is considered, The case of the origination
of several contact sections of the stit edges is investigated, Adhesion of the edges
hence occurs at some part of the contact area, while slip is possible at the rest
of this area, A solution of the problem is obtained in quadratures by the Muskhe -
lishvili method using the apparatus of linear conjugates of analytic functions,
The stress and displacement potentials are found, the magnitudes of the contact
sections and the adhesion zones are determined, A specific example is analyzed
and numerical computations are carried out,

The contact problem for a plane weakened by a constant-width rectilinear slit
has been considered in [1 — 3],

1, An infinite elastic isotropic plane is weakened by a variable width rectilinear
slit h () commensureate with the elastic strains, The plane is compressed by uniformly
distributed stress resultants with components P and I’ (Fig, 1), applied at infinity, The
slit edges make contact along the sections (az, Bx) during deformation, Each contact
area consists of an adhesion section of the edges (cy, d») and two sections (a, cz)
and (dg, Px) on which slip is possible,

Let us use the notation: L, is the set of adhesion sections, L, is the set ofslip sections,
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Ly is the set of free sections, p () is the friction coefficient (we take the friction law
in the Coulomb form), The remaining notation agrees with [4], The boundary conditions
of the problem are

y:y+ = ?Iu—’ X' =Xy onL =L+ L, + Ly (1.1)

V't — ¥'T = —h'(2) on Ly 4 L,, Y,5 - 0 on L, (1.2)

u'+ — ul— e O on L17 XU+ s pr+ on .[;2, Xy+ o= () on L3 (103)
We express the stress and displacement tensor components in terms of two piecewise
analytic functions of a complex variable

@ (z) and Q (z) [4]
YyhiXu:cD(Z)‘{'QCZ)"’F(Z*‘E)r(Z‘)
2p (w4 iv') = %D (2) — Q(Z) —

(z— 2) D" (2)

The stresses far from the slit are bounded and

P the principal vector of the external stress re-
L* sultants applied to the slit contour is zero,
. 7 hence
Fig, 1
O =F+0@E?, Qe=T+T4+0?, |z]>b—a (1.4)
1 TR . T2 — P2 . TP
's ——VP+T% I'=B +iC'= S
4 VP T i 2V TE 2 VTt P

From the boundary condition (1, 1) we obtain
(@ — Q] =[D—Q) onl

from which there follows _ 15

D) =Q@r) — T (1.5)
Using (1. 5), let us express the stresses and displacements in terms of the function Q (2).
On the slit contour

2YF =(Q + Q1 + [Q + Q]*—EB' (1.6)
2XF=[— Q4+QI" +[— Q + Q" — 2iC’
buu'+ = [xQ — Q) — [Q — Q)+ — 2xB’ (1.7)

Apiv'+ = [2Q 4 Q1 — [Q 4+ #xQ]F - 2ixC’

Substituting (1, 6) and (1, 7) into the boundary condition (1, 2), we arrive at the problem
of a linear conjugate with discontinuous coefficients

[Q+ QI —[Q + Q) = — 4nivh’ (x) on Ly + L,

o1+ O1- ’ . [
(Q-+QF +(Q+Qr =28 on Ly, (1= 7550y)
The solution of this problem is written as follows
— k4 h! (t dt P
Q@)+ Q) = — 27X, () 51 o~ F B (B)
i+ Le

[Dy — B'G (n)] X1(2)

Here
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n i, n=1
X, () = kl__lllf(z — o) (z—Bp) /VE—a)(z—0), G(n) = {0, n>2
By virtue of (1,4), the constants Do, @ and f satisfy the following (n + 1) equations
OT +-2B', n=—1
0:{ 0, (1.9
S ";3‘(':;” - ZF;B Ay E=0,1,...,n—1

Li+Ls
Hence
if n=1,thenAdy= —p(@+b—o; —By)
2

if =2, thenAlz—%—[a+b—2(a5+Bj)], A, =1
1

if n > 3,then

n

1
Anq = —T[a+b—2(a]+ Bj)], Ay o=1 4, =0 E<n—-3

1
The missing n equations to determine the coordinates of the ends of the contact sections
are obtained from the conditions

U (o) — VT (o) = —h(%), k=1,2,... & (1.10)
From (1, 7) we have

vt (z) — v‘(x):4—:n—is Y (tydt, Y () =[Q4QF — [Q- O (1.1D)

Substituting (1, 11) into (1,10), we find the desired equations

=51

S Y (t)dt = — 4mith (o) (1.12)
akfl

S Y (t)ydt = — 4riv [k (3 ) — R B, k=1,2....,n—1

Py

Thus, we have a complete system of equations to determine the contact sections,
By using (1, 6) — (1, 8), we obtain the following linear conjugate problem from the last
boundary condition in (1, 3):
Qf — Q" = — 2niyh’' (x) on L,
Q'+ Q" =1 —ip@)]g@)-+T" on L,
QF L Q" =1" on Ly

+ ; h
g(x) = — 2vX," (2) S —X—f,(t—gt()t—d;t_T) + [Do — B'G (n)] X,* (2)
Ltr,

Solving this problem, we determine the function & ()
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X2 (9 . h' () dt L O M—ip(D)] g(t)dt A
9(5)'-?;-“{— 2“‘7§ X OGE—7 © ) T D=2 }’f“ (1.13)

= et [CO-— 5 G(m) f’} X, (2)

1, m

=1 m
G(m)={0, m>2" Xa(z) = !511‘/_@'—61:‘)(2”({1:)/‘/(5 —a)(z—b)

{m is the number of adhesion sections), By virtue of (1,4), the constants ( oy Cp and dp
satisfy the following (m - 1) equations:

T+T’ m=1
Cy = ’ 1,14
o { 0, m2 { )
¢ On () ttat 1 ¢ [t—ip (B)] g(t)t"dt -, o
7§ Xo' () 2w § X+ (1) = (1 +5-T ) B
k=0,1,...,m—1
Hence
if m :1,thCﬂB0 i’-—l/g(a“‘}‘b-—-cl—'dl)
2
if m=2,then By = ~—%*[a+b—2(cj+ 4)], Bo=1
if m>3, then '
Bm-1:~_:§_['a+é_2(c,~+dj)}, Bmo=1, Bi=0, k<m—3

1

We obtain the missing m equations to determine the coordinates of the ends of the ad-

hesion sections from the conditions
[

3
ut(ep) — u” () = S (u”’——— u)dt =0, k=12 ..., m
Using (1, 7) we find “
s (1,15)
S [Q* — Q7 dt = — 2mirh (c)
k1
5 [Q+ - Q_] dt = — "‘n\IT {h‘ (ck+l) - h(dﬁ')}’ k=1, 2& A
dy

Thus, we have a complete system of equations for determination of the adhesion sections,
We find the contact stresses from (1, 6)

Y," =g(2) on Ly + Ly
X, "=i[2C—G (m)T'] Xy*(z) — ig (z) —27i X" (%) S

Ly

B () dt
T —o)

Xot(2) ¢ L—ip ()] g () dt
™ § roe—n oDl

X,  =p@ Y, on Ly

2, As an illustration, let us consider the contact problem for a stit whose width varies
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according to a linear law

b — —
B(2) = by + (b —ho) =2, B () = — =l

We consider the friction coefficient constant p (x) = pg. In this case one contact sec-
tion (o, P) originates during deformation,, therefore

_1/ E= =B _V(z—c)(z—d)
L@ =V ==y 5O=V ey
We use the notation
D, — -2 — Lo —T)
YU VeErr' Y VRyT
The location of the contact area is determined from (1. 9) and (1,12)
B
ay'\ =2 D@4 b—a—B)=0
N I 1(a + —B)= (2.1)
o B a
2i7h’SX +(x)g——dt—dx+D iSX +(2) dz + 2mvqh (&) = 0
1 X () (—a) 1 yh T =

At the time of the beginning of contact @ == B. Passing to the limit as o — B — Oy
in the system (2,1), we find the point at which contact originates, and the appropriate
load at this instant

— h1b + hea V hiho
a* - hy _}_ he ' = 4’T s
From (1,13) we fmd an expressmn for the function Q ( z)
Q(z2) = — T ——-(1 — ipo) D1 X1 (2) — —[Dlpo+ C'1 Xz (2) —

) ' dt . dt
T’ [““ip")xl(z)s Trma—g T iPXo (Z)S S GE=EE

From (1,14) and (1,15) we have a system of equations to determine the coordinates of
the ends of the adhesion sections

d
m,'S T —Cila+b—c—d) =0
c d o
o, dt '
2ivh Sx; (x)s rma— O Sx; (z)dz - 27h(c) =0

Passing to the limit as ¢ — d — c4, we find the load and the point of origination of

the adhesion section
Cr* = by V hlhz e, _ Mb+ R

pOy % — h1+ h2 -
As is seen from these latter formulas, the adhesmn section originates at the point in which
contact of the slit edges starts. In this case the stresses on the contact area are de-

termined by the formulas 8 dt
Yy+ = — X1+ (:L‘) {2’]’}1' 5 _X_l'"—(_t)(T—T + Dl}

a

o t
X, =— X, (x){Z'\’h P\ rmi—a T 01} +00Yy" on Iy

Xy+ = po}fy+ on L,
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Presented in Fig. 2 are graphs of the contact stresses for the case b, = 0.0002 (H —
a), hy = 0.1 by, (x4 = 2/ (b — a)). The method of chords [5, 6] is used for numer-
ical solution of the system of transcendental equations, The numbers on the curves in
Fig. 2 correspond to the values 10*-P / £ (E is the elastic modulus of the material),
For all the curves T == 0.1 P. As is seen from the graphs, the ends of the adhesion
section are not singularities for the normal stresses,

Y a3
nz 7/P=Q1 - lﬁ_m —

J
0z a4 08 08 =z,

Fig, 2 Fig, 3

For both curves P == 2.107 K in Fig, 3. As is seen from the graphs, the shear stress
is continuous at the points separating the adhesion and slip sections, but its derivative
undergoes a discontinuity, Diminution of the angle between the slit line and the line of
load action, i, e, increasing the component 7', results in diminution of the adhesion
zone,
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